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Quantum analysis of the z-scan technique
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A Gaussian-wave theory is developed for the classical and quantum analysis of the z-scan method that is often
used to measure third-order nonlinearities. The theory allows us to compute the transmittance in the z scan
and the associated regimes of amplitude squeezing. The classical limits of our theory are in perfect agreement
with the previous theoretical results. We show that amplitude squeezing of 1.2 dB can be obtained using the z
scan with a careful selection of the signal power and the aperture size. © 2006 Optical Society of America
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1. INTRODUCTION

Generation of amplitude-squeezed light may be achieved
by filtering light after its propagation through a medium
with a cubic nonlinearity.’® The light may be filtered ei-
ther spectrally’™ or spatially.” Due to the nonlinearity of
the medium, a portion of the light gets squeezed whereas
the remaining portion is antisqueezed. The overall effect
of the nonlinearity on the input light does not change the
mean number of photons or the variance, however, one
can obtain amplitude-squeezed light by carefully selecting
the squeezed portion.

A similar technique, which is called the z scan,®” has
been efficiently used for the measurement of cubic nonlin-
earities. In the method of the z scan, the transmittance of
a nonlinear medium through a finite aperture in the far
field is measured as a function of the sample position. The
transmittance function not only gives immediate informa-
tion about the sign of the nonlinearity, but it also allows
one to easily estimate the magnitude of the nonlinearity.

In this paper, we introduce a new model for the classi-
cal and quantum analysis of the z-scan technique. We as-
sume a lossless medium with a cubic nonlinearity, and a
Gaussian beam is used as a signal. Our theory is valid for
weak focusing, where the interaction length is much
smaller than the confocal parameter of the signal beam
and allows us to compute not only the transmittance func-
tion but also the amplitude squeezing obtainable after the
aperture in the far field. We show that an amplitude
squeezing of 1.2 dB can be obtained using the z-scan tech-
nique.

2. CLASSICAL ANALYSIS OF THE z SCAN

In this section, we briefly describe the technique of the z
scan and formulate a method for its classical analysis.
This method allows us to compute the transmittance
function in a different way than the previous methods.®”
Furthermore, in Section 3, we show that this method, un-
like previous methods, allows us to compute the amount
of amplitude squeezing at the output of the z-scan setup.
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Figure 1 shows a typical z-scan setup for measuring the
third-order nonlinearity of a medium. The input beam is
focused onto the sample with a lens, and the resulting
output of the sample is passed through an aperture in the
far field. After passing through the aperture, the power of
the beam is measured with a detector (D2). Because the
sample has a third-order nonlinearity, it will have posi-
tive (negative) lensing effect for positive (negative) cubic
nonlinearities, and as a result, the measured power will
be dependent on the position of the sample. A small por-
tion of the input beam is split using a beam splitter and
measured by a detector (D]) to be used as a reference
beam. The transmittance function, which is the ratio of
D2 to DI, is recorded as the sample is moved along the z
axis. Using the transmittance function, one can deter-
mine the sign and the amplitude of the third-order non-
linearity of the sample.

The method we formulate in this section assumes a
Gaussian beam at the input and a lossless medium. Our
analysis is valid for weak focusing, i.e., the confocal pa-
rameter of the Gaussian beam is much greater than the
length of the sample.

Because of the cylindrical symmetry of the z-scan
setup, we express the signal field as a +z propagating
wave, whose transverse amplitude depends only on the
radial distance p. Therefore, the signal field is described
by

1
E (r,t) = EAs(p,z)exp[i(ksz - wt)] +c.c., (1)

where o is the angular frequency and c.c. denotes the
complex conjugate of the first term. Under the slowly
varying envelope approximation, evolution of the signal
field in a medium with cubic nonlinearity is governed by8

dA(p,2) 1 ) Now )
-0+ ._VLAs(p,Z) = l_|As(p}Z)| As(p7z)7 (2)
0z 2k, c

where &, is the wave-vector magnitude, A, is the complex-
field amplitude of the signal field, and n4 is the nonlinear
index of the medium.
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Fig. 1. Typical z-scan setup for measuring the third-order

nonlinearity.

When there is no nonlinear interaction, Eq. (2) with
ne=0 gives the following solution for the evolution of a
Gaussian signal beam:

AsO - pz/wg
Ayp,2) = — exp : ) (3)
1+1i2z/z 1+1i2z/z

where A, is the on-axis peak amplitude of the signal field
at z=0, wy is the beam waist, and zo=kswg is the confocal
parameter (twice the Rayleigh range). Using the normal-
izations p=rw0/\s"§ and z=¢&, Egs. (2) and (3) become

(9As(r, g) .9 .712(1)20 9
—iViA(r, &) =1 A (r,OPA(r,8), (4
& c
A Aso - r2/2
8= e P\ 1) ®)

As shown in Fig. 1, in the z-scan technique, the transmit-
tance of the signal field through a finite aperture placed
in the far field is measured as the sample position z is var-
ied. For a complete classical analysis of the z-scan tech-
nique, Eq. (4) should be solved for different positions of
the nonlinear medium. If the position of the nonlinear
sample of length [ is z, with respect to the beam waist at
z=0, then Eq. (4) should be solved for &, <£&< &, where

&in = (2.~ 1/2)/z, (6)

Eout = (20 +1/2)/2y. (7

The |A,(r, £)|? term on the right-hand side of Eq. (4) ac-
counts for the self-phase modulation of the Gaussian
beam inside the nonlinear medium. Due to the (r,&) de-
pendence, each part of the signal beam experiences a dif-
ferent phase shift. However, in the weak focusing regime,
l/zqg< 1, where the effect of diffraction over the length of
the medium is negligible, this term can be replaced by

1+4¢ 1+4&

2 2

|As(r}§)‘2 = MSO| 2 exp( )7 (8)
C

where £,=z./z;. In the case of tight focusing, where the
length of the nonlinear medium becomes comparable to
the confocal parameter (/~z), the signal beam propa-
gates differently, and Eq. (8) will no longer be valid. In-
serting Eq. (8) into Eq. (4), we get
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iy
9& 1+4&

C

9
where

nowz

y= Aol (10)

Using the intensity-dependent refractive index né instead
of ny and writing |A,|? in terms of the signal power P, y
can be rewritten as

P

Tl (11)

y=nj

The way we solve Eq. (4) is similar to the method that

is used in Refs. 9 and 10. If the right-hand side of Eq. (4)

was zero, one obtains the paraxial Helmholtz equation. In

the cylindrically symmetric geometry, we are dealing

with, the general solution of the paraxial Helmholtz equa-

tion can be expressed as a sum of the Laguerre—Gaussian
modes:

A(r,8) =2 A (9G,(r,0), (12)
n=0

where

r? 1 -7r%2
Gnlr 8= Lol 102 ) 14722 P\ T30z
X exp(—i2n tan™! 2¢) (13)

is the nth cylindrically symmetric Laguerre—Gaussian
mode with L, being the nth Laguerre polynomial, and A,
is the complex amplitude of the nth mode. The modes de-
fined in Eq. (12) form an orthonormal set, where

ZJ Gn(ry §)G;(r,§)rdr = Spn- (14)
0

The orthonormality property allows us to compute the
projection of the output signal field on each of the modes.
By doing so, we obtain an equation for the evolution of the
mode amplitude A,,(¢), thus converting Eq. (4) into a set of
ordinary differential equations in matrix form.® If we in-
sert Eq. (12) into Eq. (4) and use the orthonormality prop-
erty of the modes, we get

d
—A=i

dé 1+4&

TA, (15)

where A is a signal column vector whose transpose AT has
elements,

AT(O=[Ae A(H Ay® -], (16)

and T is a square matrix with elements,
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271y 4+ p)!
mn = - .

- ]exp(— i2(n - m)tan~! 2¢,).
m!n!

17

Equation (15) is an ordinary differential equation for the
column vector A, whose solution is

. nl
A&t = eXp(l 1+ a8 T>A(§in), (18)
where
l
(Dnl =Y (19)
20

is the nonlinear phase shift at the center of the Gaussian
beam when £,=0. Since only the fundamental Gaussian
beam is present at the input, the initial condition is

Alg)=[1 0 0 -] (20)

The aim of our analysis is to compute the transmit-
tance of the aperture placed in the far field (see Fig. 1).
The transmittance function is defined as the power trans-
mitted through the aperture normalized with respect to
the power of a reference beam. The reference beam is usu-
ally chosen as the beam that could pass through the ap-
erture when the nonlinear medium is removed. With this
description, the transmittance function can be written as

f Ay, £)|2rdr
= 1)
f (Golr £ Prr

0

where r, is the radius of the aperture centered on the
Gaussian beam and ¢; is the normalized axial coordinate
of the aperture. The beam radius of the Gaussian beam
increases as we go further away from the sample. There-
fore, from an experimental point of view, it is convenient
to define a new unitless quantity for the aperture size,

Ta

S=— 22
12(1 +4&2) (22

which is equal to the ratio of the aperture radius to the
beam radius of the Gaussian beam at the plane of detec-
tion. Since the aperture is placed far from the beam waist
of the Gaussian beam, we can assume that the Gouy
phase of the fundamental beam at the aperture is

tan~1(2&,) = /2. (23)

Using Egs. (12), (21), and (23), one can prove that for the
limiting case where the aperture radius goes to zero (S

—0), the transmittance function is
2
. (24)

t= E (_ l)nAn(gout)
n=0

In Fig. 2, we demonstrate the results of our calcula-
tions for different values of the nonlinear phase shifts
wherein we have assumed a positive nonlinear refractive
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Fig. 2. Transmittance as a function of the position of the non-
linear medium for different values of the nonlinear phase shift.

index (ny>0). In such a case, the nonlinear medium gives
a positive lensing effect. For z <0, the positive lensing ef-
fect brings the focus closer to the sample, i.e., further
away from the aperture and, therefore, a decrease in the
transmittance is observed. For z >0, however, the nonlin-
ear medium tends to collimate the beam, leading to an in-
creased transmittance. Experimentally, the difference be-
tween the maximum and the minimum of the
transmittance function gives information about the value
of v. By knowing the power of the beam, we can then cal-
culate the nonlinear refractive index using Eq. (10).

A classical analysis of the z-scan method was first car-
ried out by Sheik-Bahae et al.®" In that analysis, the au-
thors used the method of “Gaussian decomposition” given
by Weaire et al.'* The modes in this analysis are not or-
thonormal, unlike the Laguerre—Gaussian modes used in
our theoretical model. The orthonormality of the modes
makes it easier to compute the quantum effects, such as
amplitude squeezing as we will demonstrate in the follow-
ing section. We checked the accuracy of our classical re-
sults above by comparing them with those in Ref. 7 and
found that they were in perfect agreement.

Equation (24) gives the transmittance function for an
aperture with an infinitesimally small radius. To calcu-
late the transmittance for a finite radius, one has to com-
pute the field A (r,&;) using the mode amplitudes and
then calculate the integral in Eq. (21) numerically. Using
the formulation we have developed above, we analyze the
response of the z-scan setup for different values of S. Fig-
ure 3 shows the results of such an analysis, where the
output power is plotted as a function of the input power
for different values of S, while ¢, is held fixed at -0.5.
Both axes are normalized with respect to P, which is the
amount of power that gives a nonlinear phase shift of
1rad (®,;=1). The relation between the output and input
powers is

Py = [1 —exp(- 2S2)]t(q)nl’s)Pin7 (25)

where the first term accounts for the loss of power due to
the aperture in the absence of the nonlinearity. For no ap-
erture (S=x), the input and output powers are equal. For
an aperture of finite radius, the response is nonlinear, an
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Fig. 3. Output power versus input power for different values of
the normalized aperture radius ({,=-0.5). Both axes are normal-
ized with respect to P, which is the amount of power that gives
a nonlinear phase shift of 1rad (®,;=1).

effect introduced by the cubic nonlinearity of the medium.

Now we consider the effect of the nonlinear transmit-
tance of the aperture on fluctuations in the incident field.
Classically, the fluctuations in the output of the z-scan
setup are related to the fluctuations in the input through
the derivative dP,,;/dP;,. In case of a linear relationship
between P, and P;,, the noise characteristics are un-
changed since

dPout_Pout
dPin - Pin '

(26)

However, one should expect reduced noise at the output
when

dPout
d1)in

P out
< )
P

in

(27)

i.e., the noise transfer to the output is less than the power
transfer. Obviously, the point with the zero derivative be-
comes most important, because it would give the mini-
mum output noise. However, one must note that at this
point, the contribution from higher-order derivatives will
be effective; therefore, the output noise will not be zero.

Although the above is a classical approach, it outlines
the main reason why one may expect squeezing in a
z-scan setup, in particular, when working with a trans-
parent third-order (cubic) nonlinear medium, i.e., a me-
dium exhibiting negligible linear and nonlinear absorp-
tion and possessing only a dispersive nonlinearity. In
Section 3, below, we present a quantum analysis of the
z-scan setup for a medium with such dispersive
nonlinearity,'?> which predicts that amplitude-squeezed
light can be generated if the position of the medium and
the size of the aperture are carefully selected.

3. QUANTUM ANALYSIS OF THE z SCAN

The z-scan technique has some important similarities
with previously proposed setups for the generation of
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squeezing in media with cubic nonlinearities. One of
these techniques is spectral filtering of solitons.! In this
technique, after their propagation in a fiber, the solitons
are spectrally filtered, and the noise properties of the re-
sulting light shows regimes of amplitude squeezing. In
the z-scan technique, propagation of the beam after pass-
ing through the nonlinear medium similarly gives rise to
the Fourier transform of the input beam (z=0) in the far
field. The aperture then acts as a filter that selects the
spatial frequencies in a certain band. Therefore, one can
expect to observe amplitude squeezing in a z-scan setup.

For a complete quantum analysis of the z-scan tech-
nique, one has to solve the quantum version of Eq. (4),
which is'?6

L
ﬁg -V s(r>§)—l

w2 " N
—Alr, 04,0, 04,09,

(28)

where As is the quantized field amplitude of the signal.
We apply the linearization approximation and expand the
quantized field amplitude as a sum of its mean field and
the associated fluctuation operator as

A=A +AA,, (29)

where A,=(A,) and the mean of the fluctuation operator is

zero, i.e., (AAS>=O. By inserting Eq. (29) into Eq. (28), one
finds that the evolution of the mean field A, is governed
by Eq. (4), which we have solved in Section 2, and the

fluctuation operator AAS obeys a linear equation5

IAA (r, . A
& —iVZAA(r, 0 =i2 il |A|2AA(r, &)
o€ ¢
ng

w2 A
+i (A)?AAL(r,8).
C

(30)

On the right-hand side of Eq. (30), we only retain the
first-order fluctuation terms and neglect the higher-order
terms. This approximation requires that the mean field is
much greater than the fluctuations. Furthermore, the lin-
earization approximation can break down for large inter-
action distances if there is an exponential growth in the
fluctuations.

The mean-field quantities in the above equation can be
obtained from the solution in Section 2. The term |A,|? is
already given in Eq. (8). Furthermore, since we are trying
to solve the z-scan problem for a thin medium (I/zq< 1),
the mean field at the output consists of the mean field at
the input multiplied by a nonlinear phase term that is de-
pendent on the intensity. Therefore, the term (4,)? in Eq.
(30) is

2150 ~ Sin
(A, 9" = |4, O eXP(M
c

|As(r,§)|2)-

(31)

To solve Eq. (30), once again we apply the modal expan-
sion to the fluctuation operator. We can express AAS as
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AA(r,&) = >, AA(HG, (), (32)

n=0

where AAn is the fluctuation operator corresponding to
the nth Laguerre—Gaussian mode. Inserting Eq. (32) into
Eq. (30) and using Egs. (8) and (31), we can write the evo-
lution of the fluctuation operators in a matrix form as

d .y .Y ~ AE= &) .
—AA=i2——TAA +i ;U exp| i2———-T |AAT,
dé 1+4¢ 1+4¢& 1+

C C

(33)

wherein AA is a vector whose components are the fluctua-
tion operators of the modes and U is a matrix, the compo-
nents of which are

{ 2 m=n=1(3y 4 )

— }exp(iZ(m +n)tan! 2£).
m ! n!

(34)

Equation (33) can be solved more easily if we define a new
vector AA’ as

(35)

Inserting Eq. (35) into Eq. (33) we get

d A . Y Al . Y
=1 +1

— STAA SUMT. (36
d¢ 1+48 1+48

The solution of Eq. (36) may be written in the form
AA (9 =M'(OAA'(&,) + N'(9AA"T(&,),  (3T)

where M’ and N' are state transition matrices. By insert-
ing Eq. (37) into Eq. (36) and taking the second deriva-
tives of the state transition matrices, we end up with

d? d?

—M'=—N'=0. 38

az az (38)
Using the initial conditions,

M’(&in) = I} (39)

N,(gin) = 07 (40)

where I is the identity matrix, the state transition matri-
ces at the output are found to be

nl
M’ out) = I+1 T, 41
N f = —nl U
! ] . 42
( out) 4 1 f? ( )

Using Eqgs. (35), (37), (41), and (42) we get
AA(&,y) = MAA(&,) + NAAT(&,,), (43)

where
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q)nl (I)nl
M= ; TIWI+i——=T], 44
xp l1+4§§ l1+4§§ (44)
chl cbnl
N= j T Ul. 45
P 11+4g§ l1+4§§ (45)

Although the only field component with nonzero mean
at the input of the z-scan setup is the fundamental mode,
the noise contribution comes from all modes at the input.
Even when there is no mean field in a particular mode,
there are vacuum fluctuations. Since photons are bosons,
the modal fluctuation operators at the input face of the
nonlinear medium are

AA, (&) = &, (46)

where {¢,} are the vacuum-state operators with zero
mean and obeying the bosonic commutation relation
[émyé;l] = Omn-

In the experimental configuration shown in Fig. 1, the
average photocurrent and the photocurrent fluctuations
are measured using direct detection. In such detection,
the two quantities are proportional to the mean and the
variance of the photon number arriving in some detection
time. The photon number operator that is measured by
such a detection scheme is

i= f Al(r,0A(r,o)rdr. (47)
0

Using Eqgs. (12), (29), and (32), and the orthonormality
property of the Laguerre—Gaussian beams, one can show
that

©

@)= > 14,2, (48)
n=0
A= A,AAT +ATAA,. (49)
n=0

Inserting Eq. (43) into Eq. (49), we get

A= {( > g M, + quf,m)én

n=0 m=0

+ ( > 4N + qufnn)éZ] , (50)

m=0

where {q,,} are the complex field amplitudes at the out-
put. The Fano factor of the output beam is then found to
be

BaRy 2, o2 @nMon+ @yl
F: =
* e
) > ol

If no aperture is used in the detection plane, the weight
coefficients will be equal to the field amplitudes [q,
=A,(&u)]. In such a case, the Fano factor at the output
can be calculated using Eqgs. (18), (41), and (42), and it is
found to be unity. However, when an aperture is used, the
weight coefficients should be calculated by expanding the

(51)
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field after the aperture into the Laguerre—-Gaussian
beams. If a circular aperture is used, where the center of
the aperture is the same as the center of the Gaussian
beam, the new weight coefficients can be calculated as

dn= f Ay, £)G, (r, E)rdr. (52)
0

The weight coefficients for different values of S can be
calculated numerically using Egs. (13) and (52). In our
analysis, we compute the weight coefficients for different
aperture sizes using finite difference techniques. We cal-
culate the integral in Eq. (52) for the first 20 Laguerre—
Gaussian modes.

Figure 4 shows the results of our simulations for the
calculation of the Fano factor at the output where ®,;=1
and £,=0.25. For S=0, the Fano factor is unity. As we in-
crease the aperture size, the Fano factor starts to increase
and reaches a maximum of 0.15dB at S=0.62. When the
aperture size is increased further, the Fano factor de-
creases and reaches a minimum of -0.175dB at S=1.5.
For larger values of S, the Fano factor asymptotically
reaches 0 dB, which is the expected Fano factor for the
case of no aperture.

Figure 5 shows the results of our simulations for the
calculation of minimum obtainable Fano factor (maxi-
mum amplitude squeezing) for ®,=4. The figure also in-
cludes the normalized aperture size needed for obtaining
the maximum amplitude squeezing. The minimum Fano
factor for this nonlinear phase shift is —1.2 dB, which oc-
curs at z/z9=-0.95, and the required normalized aperture
radius is 1.05. We also ran the same simulation for differ-
ent values of the nonlinear phase shifts. Figure 6 shows
the results for such a simulation, where we plot the mini-
mum Fano factor as a function of the nonlinear phase
shift. The position of the nonlinear medium and the aper-
ture radius for achieving this Fano factor are also in-
cluded in the figure. The position of the sample for achiev-
ing maximum amplitude squeezing is always negative,
i.e., the nonlinearity should be placed before the focus of
the Gaussian beam. The normalized aperture radius
stays almost constant at S=1.05. That is, the radius of
the aperture should be slightly larger than the beam ra-

0.2 . , ; ; ; ;
015
0.1
g 005
5
& 0
e
o
]
F-0.05
-0.1
-0.15
o2 . , . . . .
0 05 1 15 2 25 3 35
S

Fig. 4. Fano factor in decibels as a function of the aperture ra-
dius for & ;=1 and £&.=0.25.
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Fig. 5. Minimum Fano factor and the required aperture radius
as a function of the position of the nonlinear medium (®,;=4).
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Fig. 6. Minimum Fano factor, required aperture radius, and re-
quired position of the nonlinear sample as a function of the non-
linear phase shift ®;.

dius of the signal for maximum squeezing. For ®,=4,
1.2dB of amplitude squeezing can be generated with a
careful selection of the position and radius of the aper-
ture.

The results for negative nonlinearities are exactly the
same except that they are all inverted around &,=0. The
general structure of both the classical and quantum
analyses remain the same, and only the sign of the posi-
tion of the medium changes. As an example, for & ,;=-4,
the maximum squeezing will be 1.2 dB, which occurs at
z/2¢3=0.95 and the required normalized aperture radius is
1.05.

The main source of error in our calculations is caused
by the numerical calculation of the weight coefficients. Al-
though the state transition matrices M and N can be cal-
culated analytically, the weight coefficients at the output
should be calculated using numerical integration meth-
ods. Furthermore, only a finite number of modes can be
calculated with this method, and higher-order modes are
neglected. The Laguerre modes for n>20 are difficult to
compute accurately because of the limitations caused by
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numerical precision. This causes problems especially for
larger aperture sizes. Within the boundaries of param-
eters that are investigated in this paper, the total numeri-
cal error is less than 1%.

4. CONCLUSION

In this paper, we have shown theoretically that amplitude
squeezing is obtainable with a typical z-scan setup, which
entails propagation through cubic dispersive nonlinearity
followed by passage through an aperture, i.e., spatial fil-
tering. Previously, it has been demonstrated that ampli-
tude squeezing can be achieved by propagating through
an optical fiber, which possesses such a nonlinearity, fol-
lowed by spectral filtering. The two cases are, in fact,
analogous since the equations governing diffraction and
propagation through a fiber are similar except for the dif-
ference of dimensionality in the transverse terms. Our
theoretical model assumes that the input beam is Gauss-
ian, and the length of the nonlinear medium is much
smaller than the confocal length of the beam. For such a
case, we have analytically solved the problem of propaga-
tion through the cubic nonlinearity; however, numerical
methods have been used to calculate the mode coefficients
after the filtering. In our analysis, the errors introduced
by the numerical methods and the finite number of modes
used are less than 1%. We have shown that for a nonlin-
ear phase shift of ® =4, 1.2dB amplitude squeezing is
obtainable.

*K. G. Kopriilii (koprulu@etu.edu.tr) is now with the
Department of Electrical and Electronics Engineering,
TOBB Economics and Technology University, Sogiitozii
Cad. No. 43, 06560 Ankara, Turkey.
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